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TABLES OF AREAS OF THE STANDARDIZED PEARSON TYPE III DENSITY FUNCTION

By
A. Clifford Cohen, F. Russell Helm, and Merritt Sugg

The University of Georgia

SUMMARY

These tables constitute an extension of earlier work of
Salvosa [3]. The argument is in standard units at intervals of 0.01,
and entries are given to nine decimals for values of the third

standard moment, o ranging from O to 2 at intervals of 0.1, from

3)
2 to 3 at intervals of 0.2, and from 3 to 6 at intervals of 0.5.

In the original tables of Salvosa, entries were given to six decimals
for g from 0 to 1.1 at intervals of 0.1, the interval for the

argument being the same as that employed here. A brief discussion of

the Pearson Type III density function precedes the tables.



THE SINGLE PARAMETER GAMMA FUNCTION

The density function of the single parameter gamma function may be

written as
1
T(a+l)

%% 2>0, a> -1, (1)

f(z;a) =

0, elsewhere.

The mean, variance and mode of this distribution are
U=Q+1;‘~]
02 =0 + 1, (2)

Mo a, a > 0.

Y

THE THREE PARAMETER GAMMA DISTRIBUTION
The three-parameter gamma density function (i.e. the Pearson Type
I11 function) follows from (1) on making the transformation

z = (x-y)/B , where B > 0. (3)

It follows that

g(x) = £(2) |52l = ¢ £(2),

and thereby, we have

f 1 a_-(x-v)/B,

— (X-Y) e ;
I(a+1)8%*]

g(x;a,B,y) = < (4

0, elsewhere,

X >y

-

where a > -1 and B > 0.

oy
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The well known two-parameter gamma density function with orgin at

zero follows from (4) when we set y = 0.

The moment generating function of the three-parameter gamma function

with density as given in (4) is

M (8) = e "8 (1-ge)”(#* ). | (s)

The mean, variance and third standard moment of this distribution are

v+ 8+ 1), ]

u = E(x) =
o? = E(x-w)? - 8% + D), (6)
oy = E[(x-1)/0]° = 2/Va+ 1.
The mode occurs at
Mo = vy + ¢a; a > 0. (7)

The curve is bell-shaped (i.e. it has a mode) only if o > O.
When o < 0, the curve is J-shaped, and of course (4) is not a density

function unless a > -1.

THE STANDARDIZED PEARSON TYPE III DISTRIBUTION

The standardized Pearson Type III density function can be

obtained from (4) by making the transformation

t = (x-wu)/o. (8)
First, we employ (6), and solve for a, B, and y as follows

o = A2 -1,

B = o/A, (9)

Y = 4 - OA.



where

A= 2/a,. (10)

Using (9) and (10), our transformation (8) becomes

t=(x -y - cA)/BA (11)

Accordingly (4) is transformed as
3
h(t;0,1,A) = g(x;0,8,v) [55] = BAg(x:a,8,v). (12)

Upon simplification, we have

AAze-A2 2
h(tJoxl,as) = —__2—
T'(A™)

(art) LAt ¢ s g, (13)

where on the left side of (13), Cg has been written rather than A
in order to emphasize that this constitutes a family of density

curves with parameter a, in which each member of the family has a

3
mean of zero and a variance of unity.

1t follows from (13) that the corresponding distribution

function may be written as

t t
2 2
A% A 2
H(t:0,1,0.) =| h@w;0,1,a)dw = 2 | (s e Mau, (14)
3 3 5
T'(A™)
-A -A
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On making the further transformation
r=AA+ W), (15)

the distribution function becomes
A(t+A)
1 A™-1 -r
— T e
I'(A™)
0

H(t;O,l,aS) = dr, (16)

where the integral on the right side is the incomplete gamma function.

On writing

2
1z:a%) =] “letar, (17)
(o]
equation (16) becomes
1[A(t+A) ;A%]
H(t;0,1,0,) = e (18)
T(A™)

The accompanying tables have been computed on the University of
Georgia IBM 360 computer using a program of Rolf Bargmann [1] for the

incomplete gamma function that employs continued fractions.

The foregoing discussion and indeed the accompanying tables are
based on non-negative values of ag only. All of the results obtained,

however, are applicable for negative values of a; as well.



We need only remember that a Type III distribution with positive Az,
becomes a distribution with negative ag by reflection about a vertical

axis passed through the orgin; i.e.

h{(-t;0,1,-a,) = h(t;O,l,as). (19)

3)

It is to be noted that the frequency curve for this distribution is
bell-shaped for values of la3| in the interval (0,2). For values of

la3|>2, the curve is J-shaped with an infinite ordinate at t = -A.

The mode in the bell-shaped curve occurs at t = -1/A, and
(mean - mode) = 1/A = a3/2.

Pearson's [4] original derivation of the Type III density function
was based on the solution of a differential equation. The derivation
given by Salvosa followed essentially along the lines employed by Pearson.
An elegant development based on the Pearson differential equation has been
given more recently by C. C. Craig [2].

THE EXPONENTIAL DISTRIBUTION

As a final note, it seems worth mentioning that if in equation (4),

we let y=0, and a=0, we obtain as a special case
gl;8) =5 e B x>0, 850, (20)

which is the well known J-shaped exponential distribution with

p=8,0 =8, a;= 2.

d
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INSTRUCTIONS FOR USE OF TABLES

The argument, t, is to be read as the algebraic sum of the
appropriate line listing plus column heading. Both positive and
negative line listings are employed, but all column headings are
positive. For example, with F designating the disfribution
function, F(-O.98;a3=0.2) = 0.163455138, where the argument is found
as t=-1.0+.02=-0.98. Likewise F(0.57;a3=0.2) = 0.723309802, where
the argument is 0.5 + .07 = 0.57.

To obtain corresponding entries for negative values of g,

we make use of the relations

f(t;0,1,a

3) f(-t;O,l,-as) and

L]

F(t,O,l,as) 1 - F(—t;O,l,-as) .

where f and F designate the density and the distributions functions

respectively. As an example

F(-O.34;a3=-1) =1 - F(0.34;03=1) =1 - 0.687157379 0.312842621.
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